Abstract: This paper analyses the complexity of multivariate electroencephalogram (EEG) signals in different frequency scales for the analysis and classification of focal and non-focal EEG signals. The proposed multivariate sub-band entropy measure has been built based on tunable-Q wavelet transform (TQWT). In the field of multivariate entropy analysis, recent studies have performed analysis of biomedical signals with a multi-level filtering approach. This approach has become a useful tool for measuring inherent complexity of the biomedical signals. However, these methods may not be well suited for quantifying the complexity of the individual multivariate sub-bands of the analysed signal. In this present study, we have tried to resolve this difficulty by employing TQWT for analysing the sub-band signals of the analysed multivariate signal. It should be noted that higher value of Q factor is suitable for analysing signals with oscillatory nature, whereas the lower value of Q factor is suitable for analysing signals with non-oscillatory transients in nature. Moreover, with an increased number of sub-bands and a higher value of Q-factor, a reasonably good resolution can be achieved simultaneously in high and low frequency regions of the considered signals. Finally, we have employed multivariate fuzzy entropy (mvFE) to the multivariate sub-band signals obtained from the analysed signal. The proposed Q-based multivariate sub-band entropy has been studied on the publicly available bivariate Bern Barcelona focal and non-focal EEG signals database to investigate the statistical significance of the proposed features in different time segmented signals. Finally, the features are fed to random forest and least squares support vector machine (LS-SVM) classifiers to select the best classifier. Our method has achieved the highest classification accuracy of 84.67% in classifying focal and non-focal EEG signals with LS-SVM classifier. The proposed multivariate sub-band fuzzy entropy can also be applied to measure complexity of other multivariate biomedical signals.
Introduction
Approximately 60 million people worldwide are affected by a neurological disorder known as epilepsy [1] . Electroencephalogram (EEG) signals are generally used for the medical investigations of the epilepsy disorder [2] . Epilepsy is broadly classified into two categories-namely, focal and entropy in the EMD-DWT domain. In [21] , F and NF types of EEG signals were decomposed using a time-frequency localized wavelet filter-bank and computed several entropy features followed by an LS-SVM classifier to classify F and NF types of EEG signals.
It should be noted that most of the previous methods performed the univariate analysis of F and NF types of EEG signals which do not consider the cross channel information present in the multivariate EEG signals. In this paper, we have tried to measure the complexity of bivariate F and NF types of EEG signals by considering two channels simultaneously to distinguish F and NF types of EEG signals. In [23, 24] , authors proposed multivariate multi-scale sample entropy based on the concept of coarse graining and multivariate embedding theory [25] . They applied the proposed method to the complexity analysis of bivariate physiological signals and three-dimensional (3D) wind speed signals. Though sample entropy and its multivariate extension algorithms are very popular, they may produce undefined or unreliable results for short-time series. The reason behind this can be explained as: sample entropy and its multivariate extension use vector similarity definitions based on Heaviside function. This creates a very rigid boundary with the set threshold denoted as r. Due to this rigid boundary, computed entropy value changes abruptly with even slight changes of threshold r. The sample entropy may also be undefined for no vector matching with very small threshold r [26, 27] . To increase the statistical stability of entropy values of univariate signals, the fuzzy entropy has been proposed based on fuzzy theory [27, 28] . The fuzzy entropy has been applied as a complexity measure for many signals such as biomedical signals [29] [30] [31] and bearing fault diagnosis [32] . As a generalized form of univariate fuzzy entropy, multivariate fuzzy entropy (mvFE) has also been proposed for the multivariate signals [33, 34] . In [35] , the authors have applied multivariate fuzzy measure entropy for the analysis of multivariate cardiovascular signals. In this work, we propose tunable-Q wavelet transform (TQWT) [36] based multivariate sub-band fuzzy entropy measure and studied the effectiveness of the proposed technique for the discrimination of bivariate F and NF types of EEG signals. Figure 1 shows the block diagram of the proposed TQWT based multivariate sub-band fuzzy entropy. In Figure 1 , SB 1, SB 2 and so on represent the obtained sub-band 1, sub-band 2 and so on, respectively, after decomposition with TQWT. It should be noted that the same indexed sub-bands of different channels belong to the same oscillatory level. After that, we have used two different classifiers to evaluate the performance of our proposed feature extraction method. Our proposed multivariate sub-band fuzzy entropy measure utilizes TQWT based filter-bank for quantifying the complexity of multivariate narrow band sub-band signals, which can be a generalized tool for measuring complexity of other multivariate signals with proper selection of the Q-parameter.
The rest of the paper is organised as follows: Section 2 gives a brief description of the EEG database used in this study. Section 3 discusses the computation of the existing mvFE, Section 4 describes the computation of proposed Q-based multivariate sub-band fuzzy entropy, and Section 5 discusses the statistical significance of the proposed features and experimental results. Finally, Section 6 concludes the paper.
Bern-Barcelona EEG Dataset
The proposed TQWT based multivariate sub-band fuzzy entropy has been studied on the publicly available Bern-Barcelona EEG database [8] . The database contains the intracranial EEG recordings of five patients who suffered from drug-resistant long-standing temporal lobe epilepsy. The studied database includes bivariate EEG signals of both F and NF categories. For each of the F and NF categories, the database contains 3750 pairs of bivariate EEG signals. The signals were recorded with a sampling rate of 512 Hz. The duration of each bivariate EEG signals is 20 s. In this study, the first 50 F and NF types of bivariate EEG signals are selected to find the optimal signal length that provides statistically significant discrimination between two classes. Finally, based on the outcome of the analysis of the first 50 F and NF EEG signals, we have chosen the optimum signal length and classified 3750 F and 3750 NF types of bivariate EEG signals.
Multivariate Fuzzy Entropy (mvFE)
The computation of mvFE can be summarised by the following steps [33] :
• Step 1: Generation of the multivariate composite embedded reconstruction from the s-variate time-series {x k,j } N j=1 where k = 1, . . . , s, based on the Takens embedding theorem as follows [23, 25] : 
• Step 2: Formation of (N − n) composite delay vectors X m (j)∈ m , where j = 1, 2, · · · , N − n and n = max{M} × max{τ}.
• Step 3: Defining the distance as the maximum norm and computed between two composite delay vectors such as X m (j) and X m (i).
• Step 4. Defining the fuzzy membership function as [33] :
where d denotes computed distance between two composite delay vectors, r denotes chosen threshold parameter and f s represents fuzzy power.
• Step 5. Define the global quantity ψ m (r) for a chosen fuzzy power f s and threshold r as [33] :
• • Step 7. Computation of ψ (m+1) (r) by considering the increased dimensionality.
• Step 8. Finally, the computation of the mvFE can be expressed as follows [33] :
We have normalized each channels data to unit variance in order to maintain total variation same for all the considered multivariate series as suggested in [23] . In this work time lag (τ k ) is considered as 1 where as embedding dimension (m k ) is taken as 2 for all the available channels. The value of threshold parameter (r) has been taken as 0.15 multiplied with standard deviation of normalized time series as suggested in [23] . The fuzzy power ( f s ) is considered as 2 for computation of mvFE according to [33] .
TQWT Based Multivariate Sub-Band Fuzzy Entropy
In this work, we have computed the mvFE of the sub-band signals falling in the same oscillatory levels. The sub-band signals of the individual channels have been obtained using TQWT. The TQWT is a special type of DWT and has found a wide range of applicability in biomedical signal analysis [37] [38] [39] [40] [41] , bearing fault detection [42, 43] , and cross-terms reduction in time-frequency distribution [44] . The TQWT is useful to analyse oscillatory signals by adjusting input parameters-namely, Q, redundancy or over-sampling rate denoted by R [36] , and number of decomposition levels denoted by J. The brief description of the input parameters are as follows:
For oscillatory signal analysis, the value of the parameter Q should be chosen high, as a result the wavelets generated will have more oscillations with narrow frequency responses as compared to their center frequencies. The high Q value is used for analysing oscillatory signals. The lower value of Q is used to analyse signals having piecewise smooth structures like transients. For a lower value of Q, generated wavelets have fewer oscillations and wider frequency responses compared to their center frequencies. The lower value of Q gives good frequency resolution in the low frequency region; on the other hand, higher value of Q is useful to get good frequency resolution in the high frequency region of the spectrum. This property of TQWT has been used to design a filter-bank that provides nearly uniform resolution for all frequency components in [44] . The designed filter-bank has been studied for the reduction of cross-terms in Wigner-Ville distribution based time-frequency analysis.
The parameter R localizes the wavelet in the time domain without changing its shape. For a fixed Q value, the overlap of the adjacent frequency responses increases with increased value of the redundancy parameter R. This results in the requirement of a higher number of levels to cover the entire frequency region.
The TQWT is built by the concept of two channel filter bank operation. Let the high-pass and low-pass scale factors be denoted by δ and γ, respectively, for the two-channel filter bank. The frequency response corresponding to low-pass filter in TQWT mathematically expressed as [36] :
The frequency response of the high-pass filter in TQWT can be mathematically expressed as [36] :
where θ(ω) is known as Daubechies filter frequency response [36] . Low-pass scale factor (0 < γ < 1) and high-pass scale factor (0 < δ ≤ 1) are to be chosen in order to satisfy the condition γ + δ > 1. The redundancy parameter (R), quality factor (Q), and maximum number of sub-bands (J max ) of TQWT are mathematically defined as [36] :
where N is the length of the analysed signal. Detailed mathematical expressions of Q, R, center frequency ( f c ) and bandwidth (B) of TQWT are provided in [36] .
The TQWT based multivariate sub-band fuzzy entropy is computed as follows:
1. All of the EEG signals corresponding to different channels are decomposed with the same input parameters (Q, R, J) using TQWT. The sub-band signals are reconstructed by performing inverse TQWT operation. This results in the same number of sub-band signals denoted by S s j (n) for every individual channel. The indexes j and s correspond to decomposition level and channel number, respectively. Figure 2 presents the F type EEG signal and its sub-band signals, and Figure 3 shows the NF type EEG signal and its associated sub-band signals obtained using TQWT (Q = 1; R = 3; J = 16). 2. The mvFE described in the previous section has been computed for the sub-band signals of the same oscillatory levels belonging to different channels. As an example, sub-band 1 of different channels are used to compute mvFE and so on. Sample number 2000 4000 6000 8000 10000 -100 0 100 (a) 
Results and Discussion
The Q-based multivariate sub-band fuzzy entropy described in the previous section has been applied to 50 F and NF types of bivariate EEG signals. We have studied four different segments of EEG signals of durations corresponding to 20 s, 10 s, 5 s, and 2 s, respectively, to find out the statistical significance of the computed features over different time spans. Tables 1 and 2 present the results of the statistical analysis of the computed features. We have performed the Kruskal-Wallis statistical test [45] to find the statistical significance (p < 0.05) of the computed features in different oscillatory levels of the analyzed signals. The Kruskal-Wallis statistical test has been used for finding the statistical significance of the features computed from EEG signals [14, 46] . In this paper, we have fixed the redundancy parameter (R) as 3 and considered sufficiently many levels (at maximum J = 16) for decomposition of EEG signals using TQWT. The Q parameter of TQWT has been varied from 1 to 4. It should be noted that, with increased value of Q parameter, the number of levels of decomposition (J) should also be increased to achieve sufficiently good resolution in low-and high-frequency regions of the spectrum.
In this study, for 20 s and 10 s duration segmented EEG signals, J has been considered as 16. For 5 s and 2 s duration segmented EEG signals, the maximum possible J has been considered as per Equation (6) . In Tables 1 and 2 , we have reported the analysis of five sub-band signals that give the highest statistical significance for the discrimination of F and NF types of EEG signals. We have also reported the mean and standard deviation (SD) values of the proposed entropy features corresponding to those sub-band signals. It has been observed from Tables 1 and 2 that neither of the entropy features by themselves sufficiently quantify the differences of F and NF kinds of EEG signals. In a few cases, the overlap of the computed entropy features are significantly high. This implies that a simple threshold applied on these parameters will not be sufficient to distinguish F and NF groups of EEG signals. It is clearly observed from Tables 1 and 2 that mvFE computed for NF types of EEG signals are higher than the F types of EEG signals in every considered segment for analysis. This supports the findings of the previous works studied using this database [18] . To present the comparison of the features in different considered segments, it has been found that with increased segment duration, the computed p-values are significantly lower than those for shorter segment durations. This implies that proposed Q-based multivariate sub-band fuzzy entropy features give better discrimination with longer segment size. The variation of the Q-parameter puts a significant impact on the computed features in different oscillatory levels. For a lower value of Q (Q = 1), the p-values obtained for lower order sub-band signals are significantly lower than the p-values computed for higher order sub-band signals with mvFE features. When Q is chosen as high (Q = 4), the mvFE features computed for higher order sub-band signals are statistically more significant to discriminate F and NF types of EEG signals. We have used confidence interval (CI) plots for showing the discrimination between F and NF types of EEG signals. In [47] , CI plots were used for the discrimination of seizure, seizure-free, and healthy groups of EEG signals. In Figures 4-7 , we have shown the CI plots (99% confidence limits of the mean value) for different time segmented signals with different quality factors (Q varies from 1 to 4), where red and blue lines represent the F and NF groups of EEG signals. In Figure 4 , we have shown the CI plot (with 99% confidence) for different values of the Q parameter when signal duration of 20 s is considered. It is clear from Figure 4 that with increased value of the Q parameter, the mvFE gives more discrimination in higher order sub-bands. It should be noted that we have not achieved significant discrimination in the first (highest frequency) and last (lowest frequency) sub-band signals irrespective of the value of Q parameter used. Figures 5-7 show the CI plots (99% confidence) for 10 s, 5 s, and 2 s duration segmented EEG signals, respectively. It can be noticed from Figures 5-7 that the discriminating ability of the proposed entropy features get reduced for shorter duration of the EEG signals. From the CI plot of Figure 7 , it is obvious that F and NF groups of EEG signals are not distinguishable in most of the sub-band signals using 2 s duration segmented signals. Thus, keeping in mind the outcome of the above statistical analysis on 50 F and 50 NF EEG signals using our proposed features, we have considered 20 s signal duration to classify F and NF groups of EEG signals. It should be noted that all the available signals (3750 F and 3750 NF) in the Bern-Barcelona EEG database have been considered for classification work. To find the optimal subset of features, we have applied a wrapper based feature selection technique [48] available in the WEKA machine learning toolbox (Weka 3.6.13, University of Waikato, Hamilton, New Zealand) [49] . Finally, we have used two classifiers-namely, random forest classifier [50] (available in WEKA) and least squares support vector machine classifier (LS-SVM) [51] with Morlet wavelet [14, 52] and radial basis function (RBF) kernels. The chosen values of kernel parameters ω and a for Morlet wavelet kernel are 0.5 and 6, respectively. The RBF [14] kernel parameter σ = 1 has been selected in this work. The performance of the proposed feature extraction method with the mentioned classifiers has been evaluated with a 10-fold cross-validation method [53] . The use of a 10-fold cross-validation method for the classification of biomedical signals is advantageous [14, 54] . Table 3 , we have presented the computed Acc, Sens, and Spec values of the mentioned classifiers for different considered value of Q parameter. It has been found from our current study that for each considered values of Q parameter, the performance of LS-SVM classifier is better than random forest classifiers in terms of the computed classification performance parameters-namely, Acc, Sens, and Spec. The highest obtained classification accuracy of random forest classier is 83.2% for Q = 1. The LS-SVM classifier achieved the highest classification accuracy of 84.67% with Morlet wavelet kernel for Q = 2. It is clear from Table 3 that obtained classification accuracies of LS-SVM classifier with RBF kernel for different values of Q parameters are slightly lower as compared with LS-SVM classifier with Morlet wavelet kernel. In the previous classification works [17] [18] [19] 21 ] using this database, authors combined multiple entropy features to classify F and NF EEG signals. They averaged the computed entropy features in order to measure the complexity of bivariate F and NF EEG signals. However, in this work, we have used only mvFE to discriminate F and NF EEG signals. It should be noted that in spite of moderate values of the evaluated classification parameters, the proposed feature extraction method provided the platform to compute multivariate sub-band entropies for measuring the signal complexity in different frequency scales. Moreover, the filtering parameters (Q, R, and J) can be tuned optimally to achieve better discrimination between two classes of signals. Thus, the proposed multivariate sub-band entropy features can also be computed to measure the complexity of other multivariate signals of interest. In the future, other existing entropy features can also be explored in the proposed framework to measure the complexity of multivariate signals in multiple oscillatory levels. 
Conclusions
A Q-based multivariate sub-band fuzzy entropy has been proposed in this paper. The proposed entropy measure is based on the TQWT method. The proposed method was applied for the discrimination of F and NF types of EEG signals. To evaluate the statistical significance of the proposed features, the Kruskal-Wallis statistical test was applied. The proposed feature extraction method has been applied to different time-segmented EEG signals. It was found that the computed mvFE features are statistically more significant for longer duration EEG signals. The proposed feature extraction method decomposed EEG signals prior to the computation of mvFE. Thus, different values of the Q parameter generated distinct filter banks and resulted in distinct entropy values. The effectiveness of the proposed feature extraction method was presented using CI plots for different time segmented signals to discriminate F and NF types of EEG signals. Finally, we have used two classifiers to evaluate the discrimination ability of our proposed feature extraction method.
The proposed TQWT parameter based mvFE has provided statistically significant discrimination between F and NF classes of EEG signals. The developed method needs to be studied in a large EEG database that includes recordings of long durations from a larger number of subjects before applying it for clinical purposes. It should be noted that the proposed TQWT based mvFE structure is not only limited for analysis of bivariate F and NF EEG signals but can also find applicability in other classes of multivariate physiological signals corresponding to normal and abnormal classes.
